The prospect theory of Kahneman and Tversky (1979) and the cumulative prospect theory of Tversky and Kahneman (1992) are descriptive models for decision making that summarize several violations of the expected utility theory. This paper gives a survey of applications of prospect theory to the portfolio choice problem and the implications for asset pricing. We demonstrate that prospect theory (and similarly cumulative prospect theory) has to be re-modelled if one wants to apply it to portfolio selection. We suggest replacing the piecewise power value function of Kahneman and Tversky (1979) with a piecewise negative exponential value function. This latter functional form is still compatible with laboratory experiments but it has the following advantages over and above Kahneman and Tversky`s piecewise power function: 1. The Bernoulli Paradox does not arise for lotteries with finite expected value. 2. No infinite leverage/robustness problem arises. 3. CAPM-equilibria with heterogeneous investors and prospect utility do exist. 4. It is able to simultaneously resolve the following asset pricing puzzles: the equity premium, the value and the size puzzle. 5. In contrast to the piecewise power value function it is able to explain the disposition effect.
Introduction
THE PROSPECT THEORY (PT) of Kahneman and Tversky (1979) summarizes several violations of the expected utility hypothesis. First of all, while expected utility is already based on a formal representation of a decision problem, PT has two stages. The first stage is an editing phase in which the given representation of the decision problem is transformed into a formal decision. The second stage is an evaluation 1 phase in which, based on a value and a probability weighting function, the lottery with the highest value is chosen. In this paper, as in most finance papers, we assume that the editing phase is already completed and we thus only consider the valuation phase. This makes our results comparable to expected utility. The main building blocs of prospect theory that distinguishes it from expected utility theory are then: 1. Investors evaluate assets according to gains and losses relative to a given reference point. 2. Investors dislike losses by a factor of 2.25 as compared to their liking of gains (loss aversion). 3. Investors have asymmetric risk aversion because their value functions are Sshaped with turning point at the origin. 4. Investors` probability assessments are biased in the way that extremely small probabilities (extremely high probabilities) are over-(under-) valued.
The latter point is known as probability weighting, which causes PT preferences to be inconsistent with first order stochastic dominance. This drawback has been solved with the cumulative prospect theory (CPT) of Tversky and Kahneman (1992) , which replaces the weighting of probabilities with that of the cumulative distribution functions. While PT and CPT describe very well the choice of agents among a restricted set of lotteries, they have some shortcomings when they are transferred to describe the solutions to portfolio selection problems. This is because the set of lotteries that can be generated by portfolio selection is quite large -it is typically uncountable and unbounded. Unfortunately, while the mathematical representation of prospect theory suggested by Tversky and Kahneman did well in the laboratory, it is not appropriate for portfolio selection problems. The main point of this survey is to argue that the prospect theory of Tversky and Kahneman (1992) and similarly that of Kahneman and Tversky (1979) has to be re-modelled if one wants to apply prospect theory in finance. Instead of modelling the value function by a piecewise power function a piecewise negative exponential function should be used. The main difference between the piecewise power function and the piecewise negative exponential function concerns large outcomes. In fact, while both functions are assumed to have a kinked and convex-concave shape with turning point at the origin, the piecewise negative exponential function exhibits more curvature and thus discourage extreme risk taking. As a consequence, while the suggested functional form also satisfies the main features of prospect theory and is still compatible with laboratory experiments, it has the following advantages over and above Kahneman and Tversky`s piecewise power function: 1. The St. Petersburg Paradox does not arise for lotteries with finite expected value. 2. No infinite leverage/robustness problem arises. 3. CAPM-equilibria with heterogeneous investors and prospect utility do exist. 4. It is able to simultaneously resolve the following puzzles: the equity premium, the value and the size puzzle. 5. In contrast to piecewise power value function it is able to explain the disposition effect.
The St. Petersburg paradox is associated with the birth of expected utility theory. It shows that for lotteries with infinite expected monetary value people are not willing to pay an infinite sum of money. This observation led Bernoulli (1738) to postulate that people value lotteries not by their expected monetary value but rather by their expected utility of the monetary values it delivers. Assuming a sufficiently decreasing marginal utility of wealth, which is for example the case with a logarithmic utility, Bernoulli (1738) resolved the St. Petersburg Paradox. However, for any unbounded utility a lottery can be found that would still result in an infinite valuation of its monetary payoff. Hence, Bernoulli`s (1738) suggestion only solved the particular paradox arising from the particular game played in St. Petersburg but similar paradoxes occur for any unbounded utility. One solution is to only admit lotteries with bounded expected monetary value. However, as Blavatskyy (2005) and Rieger and Wang (2006) show, see Section 3 of this survey, this solution is not sufficient to rule out the paradox for CPT. Since the piecewise negative exponential value function that we proposes in this survey is bounded this paradox would no longer arise for prospect theory.
As we show in Section 4, the piecewise power function runs into a second problem: For almost all asset prices the investors` optimal portfolios are unbounded. With this functional from, the marginal utility of wealth does not decrease sufficiently fast. As an effect, existence of competitive equilibria, for example in the CAPM, cannot be ensured with the piecewise power function for economies with heterogeneous investors. We show in Section 5 that with heterogeneous investors, CAPM equilibria do however exist if CPT is based on the piecewise negative exponential function. Of course, for any given investor one is able to find asset prices such that his portfolio selection problem has a solution. Indeed one can still use the standard argument common in the asset pricing literature where for a single representative investor asset prices are chosen such that the investor holds the market portfolio. However, De Giorgi, Hens and Levy (2004) show that this "decision support argument" for asset prices is not robust, since already small changes of the asset prices would lead the investor to choose totally different portfolios. Hence, with heterogeneous investors having piecewise power utilities there will not be a common vector of asset price for which all investors find a solution to their portfolio selection problem. In Finance CPT has been successful in explaining the equity premium puzzle, i.e. the historically favourable risk-return trade-off of stocks relative to bonds (first documented in Mehra and Prescott (1985) . As shown by Benartzi and Thaler (1995) , for a yearly holding period, the CPT statistic of the stock index is not significantly different from the CPT statistic of the bond index. Benartzi and Thaler (1995) introduce the concept of myopic loss aversion that combines loss aversion as described by PT with the tendency of investors to frequently evaluate the portfolio return. However, De Giorgi, Hens and Post (2005) , see Section 7 of this survey, show that the same explanation does not rationalize the size premium puzzle, i.e. the historically favourable risk-return trade-off of small cap stocks relative to large cap stocks (first documented by Banz (1981) ). Neither is it able to solve the value premium puzzle i.e. the favourable returns of value stocks relative to growth stocks (first documented by Basu (1977) ). French (1992, 1993) provide the first rigorous empirical analysis of these phenomena. Nevertheless, the three puzzles can be explained simultaneously if we replace the piecewise-power value function of Tversky and Kahneman with a piecewise negative exponential value function. In fact, as discussed above, the new value function has a kinked and convex-concave shape (reflecting loss aversion and risk seeking for losses), just as the original value function. However, for large outcomes, the piecewise negative exponential value function exhibits more curvature hence the function discourages investment opportunities which provide extreme losses, also when these are coupled with huge gains. In Section 7 we show that the disposition effect cannot be explained with the piecewise power but with the piecewise negative exponential value function. The disposition effect is the tendency of investors to hold loosing stocks too long while they sell winning stocks too early. The disposition effect has first been observed by Shefrin and Statman (1985) and Odean (1998) . Hens and Vlcek (2005) , assuming myopic optimization, and Barberis and Xiong (2006) , assuming dynamic optimization, show that the piecewise power value function is not able explain the disposition effect because those investors who would show the disposition effect would not have invested in the asset to begin with. Kyle, Ou-Yang and Xiong (2006) point out that this inconsistency does not arise with the piecewise negative exponential value function.
Previous work on prospect theory in portfolio selection has mainly focussed on the impact of loss aversion. 1 Following the seminal analysis of Bernartzi and Thaler (1995) , Barberis, Huang and Santos (2001) , Gomes (2005) and Berkelaar, Kouvenberg and Post (2004) have studied how loss aversion affects multi-period portfolio decisions. Jin and Zhou (2006) extend these results by incorporating asymmetric risk aversion. Barberis, Huang and Santos (2001) incorporate a dynamic reference point in a multi-period model with prospect theory preferences. Their model starts from the observation of Thaler and Johnson (1990) that investors perceive gains and losses differently according to their prior outcomes. Barberis, Huang and Santos (2001) provide a partial equilibrium consideration with a representative investor who have prospect theory preferences with a piecewise linear value function. The model generates time varying risk premia, high mean and volatility for stock returns even if the underlying growth process has low variance. By contrast, the model generates portfolio strategies opposite to the disposition effect. Gomes (2005) studies a model with heterogenous investors: a loss averse investor and a CRRA investor. The shape of the utility function of the loss averse investor slightly differs from that suggested by Kahneman and Tversky (1979) and is concave also for large losses. Consequently, investors limit their risk exposure when facing large losses. Gomes (2005) allows only two possible outcomes at the investors' time horizon. He derives equilibrium prices and analyzes the trading volume generated in this market. The first main result is that the presence of loss averse investors (also in a small proportion) can generate a substantial trading volume. The second main result is that loss averse investors follow a generalized portfolio insurance strategy, as it would also result from the disposition effect. Berkelaar, Kouvenberg and Post (2004) generalize the model of Gomes (2005) in order to have a price dynamics described by Ito processes, assuming complete markets. They derive the portfolio implication of loss aversion. Similarly to Gomes (2005) , they found that investors with prospect theory preferences follow a partial portfolio insurance strategy. Moreover, the initial portfolio weights on stocks typically increases with the investment horizon. If the investment horizon is short, then investors with loss aversion strongly reduce their holdings in stocks (myopic loss aversion, see Bernatzi and Thaler (1995) ) compared to investors with smooth power utility, while when the investment horizon is long, they strongly invest on stocks, since there is time to make up their losses, i.e. investors face gain opportunities. Berkelaar, Kouvenberg and Post (2005) also estimate the index of loss aversion on historical US stock market data and find a value of 2.45, near to the laboratory calibration of 2.25 given by Kahneman and Tversky (1979) . Barberis and Huang (2005) also proved the consistency of CAPM equilibria with CPT preferences (see Section 5 of this survey) when asset returns are assumed to be Gaussian distributed. They consider a partial equilibrium model and thus do not face the non-existence of equilibria when investors have heterogeneous preferences. They study the effect of probability weighting when asset returns are non-normally distributed and provide an application to the pricing of IPO's. This paper is organized as follows: In the next section we lay down a model that is sufficiently general to embed the papers we want to give a survey of. Then we report the results on the St. Petersburg paradox, the infinite leverage problem, the existence of CAPM equilibria, the disposition effect and the asset pricing puzzles.
The Model
Since the various aspects of CPT that we want to bring together in this survey come from quite different settings it is important to first lay down a model that is sufficiently general to embody all these aspects as special cases.
Let the marketed subspace, X, be generated as the span of a collection of securities, one of which, say j = 0, is the risk free asset. We denote by ( ) max U s.t. q .
Equivalently the optimization problem can be written in terms of returns:
In the case of prospect theory the utility function U i is defined by a reference point ∈ i RP R, a value function : → i v R R and a probability transformation
where N denotes the cumulative distribution of the generated payoffs x. We assume the following general properties of v i and T i :
1. v i is a two times differentiable function on R\ } { 0 , strictly increasing on R, strictly concave on (0,∞) and strictly convex on (-∞,0). Kahneman and Tversky (1979) and Tversky and Kahneman (1992) have suggested for the value function to consider the piecewise power function. Instead we propose the piecewise negative exponential function: We presume that the experimental evidence given for the value function specification of Kahneman and Tversky (1979) foremost concerns the shape of the utility function around zero. Note also that the utility function we propose is different to that of Kahneman and Tversky (1979) for very high stakes because it is less linear than theirs. Indeed our function is bounded above by i+ λ and it is bounded below by
Our theoretical analysis is supported by the laboratory results obtained by BoschDomenech and Silvestre (2005) , who experimentally find that decision makers usually show risk aversion for larger amounts, for both gains and losses.
The St. Petersburg Paradox
The St. Petersburg paradox is usually explained by the following example: A player is reluctant to pay enormous amounts of money for a gamble in which he gets 2 n ducats when the coin lands "heads" on the ground for the first time at the n-th throw. Note that the gamble has an infinite expectation:
This example already dates back to Bernoulli (1738) . The solution of this problem is usually to replace the formula of expected value with the one of expected utility, in which a strictly concave utility function makes the subjective utility of the large outcomes no longer high enough compensate the very low probability associated with them.
It is, however, important to keep in mind that for gambles with infinite expected value, the strict concavity of the utility function alone cannot guarantee the expected utility to be finite. For example, if the gamble from above offers 2 2 n ducats when the coin lands "heads" for the first time at the n-th throw, then with a strictly concave utility function like 0.88 ( ) = u x x , the expected utility is still infinite. The St. Petersburg paradox can be resolved by allowing only for "realistic" gambles: Indeed, under the assumption of a finite expected value, a (not necessarily strictly) concave utility function is sufficient to guarantee the expected utility is finite. Even though this statement is almost trivial in the framework of expected utility theory, it turns out to be false in the context of CPT. In fact Rieger and Wang (2006) 2 show that with CPT a gamble with finite expected value can have infinite prospect utility -independent of the concavity of the value function. This is possible, since the probability weighting function suggested by Kahneman and Tversky (1979) has infinite slope at zero and since the slope of the value function does not decrease much for high. The gamble Rieger and Wang (2006) construct is as follows: The probability measure of possible outcomes is given by
show that for values of the risk aversion parameter α and the probability weighting parameter γ that are consistent with the experimental literature indeed CPT utility is infinite. Note that this problem does not arise from the usual S-shape of the value function in CPT, since the example works with only considering positive outcomes (i.e. the concave part). Rieger and Wang (2006) suggest curing this problem by choosing a probability weighting function that has finite slope at 0. Alternatively, one could replaced the piecewise power value function by the piecewise negative exponential value function. This also solves the version of the St. Petersburg Paradox pointed out by Rieger and Wang (2006) because the piecewise negative exponential value function is bounded.
The Infinite Leverage/Robustness Problem
So far we have shown that given the probability weighting function of Kahneman and Tversky (1979) the value function should better be bounded. Here we will argue that the boundedness is also important to solve an infinite leverage problem arising with the piecewise power function. Moreover, choosing a power function to model the agents` risk aversion leads to a robustness problem that does not occur for the piecewise negative exponential function. The infinite leverage problem is the observation that without imposing short sales constraints on the risk free asset (i.e. a borrowing constraint) a prospect utility maximizer always finds a portfolio of risky assets that he would like to leverage infinitely in order to obtain infinite utility: Recall that maximizing a power function in the expected utility approach is certainly possible without imposing a borrowing constraint. If markets are arbitrage free any portfolio of risky assets delivers gross returns that have a positive probability to obtain both, positive and negative excess returns. Hence scaling any such portfolio will let the utility tend to negative infinity. In the prospect theory case however, negative excess returns are not punished enough to avoid infinite leveraging. The robustness problem is the observation that small changes of the value function parameters lead to drastic changes in the asset allocation. As we show next these two problem are closely related for the piecewise power value function.
To make this point, start from the optimization problem written in terms of returns.
( ) ( )
Assuming CPT we can write:
Now suppose, for the reference point being equal to zero, for some portfolio of risky assets, say
, we obtain a positive prospect value:
0, for some x = (1 ) ,with =1 .
The existence of such a portfolio follows from weak conditions on asset prices. For example, in case of Gaussian distributed returns, the existence of a risky portfolio with positive prospect value is ensured if the expected return of the market portfolio exceeds the risk-free rate of return. Referring to Kahneman and Tversky`s (1979) and Tversky and Kahneman (1992) specification of the value function we can rewrite the utility function as:
,
as defined above and consider what happens if the leverage is increased, i.e. 0 λ → −∞ . For any such portfolio we obtain the payoffs: 
,where x = .
Note that this term is independent of λ . Hence 0 λ → −∞ gives infinite utility.
3
With a bounded utility function, infinite utility is impossible but still one may want to infinitely leverage the portfolio. For example with the piecewise negative exponential function there is no optimal leverage since the utility is increasing for all positive payoffs. However since the utility values are bounded above the increases become more and more negligible so that for any small epsilon there are portfolios that cannot be improved by other portfolios by more than epsilon. Hence an investor with a piecewise negative exponential value function who will be satisfied (up to some epsilon) with a finite leverage.
A problem closely related to the infinite leverage problem is the robustness problem. The simplest case where this problem arises with the piecewise power function occurs when the reference point is the wealth obtained from investing all initial wealth in the risk free asset. In this case we obtain:
Hence when on changing the parameters the excess return term
zero, the asset allocation jumps from no risk-free asset to only risky free assets. This is a non-intuitive property for portfolio choice. Moreover, in asset pricing models with a representative investor who is induced to hold the market portfolio for some prices, on changing the parameters slightly the representative agent will depart from his choice drastically. That is to say, the standard "decision support argument" is not robust with the piecewise power function. De Giorgi and also show that the robustness problem does not occur with the piecewise negative exponential value function, because this functional from prohibits to factor out the fraction invested in the risk free asset.
Existence of CAPM-Equilibria
So far we have basically argued that a good value function for prospect theory should be bounded and should not allow to factor out the fraction of wealth invested in the risk free asset. Now we argue that the exponential function is a very convenient function when prospect theory should be combined with the CAPM. Assuming that the payoffs (and thus the returns) are normally distributed it is easy to see that a prospect utility is actually also a mean-variance utility. Using standard notation, let 
, where x = ,with =1 .
Hence in this case the CPT utility function is a function of mean and variance only. Moreover, standardising the normal distribution reveals that this function is certainly increasing in mean but due to the convexity of the value function for losses it need not be decreasing in variance. Note that
, where ( ) .
Since there is a risk free asset and since agents` mean-variance utility is increasing in the mean, agents will only choose portfolios on the capital market line in the meanstandard deviation diagram, i.e. on the straight line through the risk free asset and the tangential portfolio (see Figure 1b) . Hence two-fund separation holds and in a capital asset market equilibrium the security market line theorem will hold. As a consequence, excess returns are determined by covariance with respect to the market portfolio, which is given by the total amount of payoffs available in the economy:
being the supply i.e. the total market capitalization of asset j.
Figure 1b: Two-Fund Separation Theorem
For the piecewise power function of Kahneman and Tversky the indifference curve in the mean-standard deviation diagram looks rather strange (see Figure 3) . For values of the mean below the reference point (which we have taken to be the risk free rate) the utility function is not quasi-concave and the indifference curves are not sufficiently upward sloping while for values above the reference point we get quasi-concavity but downward sloping indifference curves. It should not come as a surprise that the infinite leverage problem, described in the previous section, also holds in this more restricted setting.
With the piecewise negative exponential value function indifference curves look much nicer, as Figure 3 reveals. No infinite leverage problem occurs and the area where quasi-concavity cannot be ensured can be ruled out as possible equilibrium allocations if one is willing to assume that the expected return of the market portfolio is higher than the risk free rate. If the latter is chosen as the reference rate of return, this assumption means that one is more likely to find returns in the gain region of the value function. As a result of these assumptions (after a long sequence of careful computations) indeed De Giorgi, Hens and Levy (2004) are able to show the existence of CAPM-equilibria for any set of prospect theory investors.
The Equity Premium -, the Size -and the Value Puzzle
A large equity premium is one of the more robust findings in financial economics. On US-data, for example, over the period of 1802 to 1998 Siegel (1998) reports an excess return of U.S. Stocks over U.S. Bonds of about 7 % to 8 % p.a.. Similar results have been found for other periods and across other countries. This empirical finding is puzzling because it is hard to reconcile with plausible parameter values for agents' risk aversion in the standard consumption based asset pricing model originating from Lucas (1978) , as Mehra and Prescott (1985) first pointed out. The huge number of solutions that have been suggested to resolve the equity premium puzzle is another puzzling aspect of the equity premium. It is impossible to review this literature in a few words without being accused for serious omissions. For a recent comprehensive treatment of all suggested solutions see the recent Handbook of Finance on this topic edited by Mehra (2006) . Benartzi and Thaler (1995) showed that prospect theory can also resolve the equity premium puzzle. However, prospect theory based on the value function of Kahneman and Tversky (1979) deepens the value and the size puzzle. The value puzzle (Basu (1977) ) is given by the favourable returns derived from investing in firms with low value multiples (price/earnings, price/dividend, price/cash flow or price/ book ratios) and the size puzzle (Banz (1981) ) is given by the favourable returns derived from investing in small cap firms. In this section we will argue that the value function we propose for prospect theory is able to solve all three asset pricing puzzles simultaneously.
In order to stay as close as possible to the original equity premium studies of Mehra and Prescott (1985) and Benartzi and Thaler (1995) we consider real returns on equity and bonds. However, there are two differences. First, De Giorgi, Hens and Post (2005) consider an extended sample including the bull market of the 1990s and the equity bear market that followed in the early 2000s. Second, they expand the investment universe and include portfolios sorted on market capitalization (ME) and book-to-market-equity ratio (B/M) in the analysis.
The stock market portfolio is proxied by the CRSP all-share index, a valueweighted average of common stocks listed on NYSE, AMEX, and NADAQ. The bond index is defined as the intermediate government bond index maintained by Ibbotson. This index closely matches the 5-year Government bond index employed by Benartzi and Thaler (1995) . De Giorgi, Hens and Post (2005) use the canonical decile portfolios formed on ME and the decile portfolios formed on B/M. For detailed data description and selection procedures we refer to French (1992) (1993) . De Giorgi, Hens and Post (2005) use monthly and annual real returns for the period from January 1927 to December 2002 (912 months). Bond and inflation data are obtained from Ibbotson Associates and the stock portfolio data from Kenneth French's online data library. Table I presents some basic descriptive statistics of the stock portfolios and bond and equity indices. Clearly, stocks outperform bonds during our 76-year sample period by about 6 percent on an annual basis. However, stocks are riskier which is reflected in a low minimum (-40% in the worst year) and a high standard deviation. Contrary, bonds offer downside protection (-17% in the worst year), but the upside potential is limited. Small and value firms offer higher average returns and higher variance, combined with positive skewness. Puzzling is the BM8 and BM9 portfolios, which combine high average returns with a minimum return above -50% and a maximum return in excess of 100%. Clearly, these portfolios seem far more attractive than the all-equity index.
[Insert Table I about here] De Giorgi, Hens and Post (2005) basically intend to test whether the market portfolio of risky assets is the optimal portfolio for a representative investor who obeys to the rules of (1) the mean-variance framework, (2) the piecewise power CPT or (3) the piecewise negative exponential CPT. The standard approach to test if the market portfolio is optimal is to analyze the first-order condition or the Euler equation. This approach is valid for the mean-variance framework, because the first-order condition is necessary and sufficient for establishing the maximum in this framework. By contrast, the first-order condition gives only a necessary optimality condition for CPT. Both models allow for local risk seeking and hence there may be minima and local maxima, which will also satisfy the first-order condition.
There exist various multivariate global optimization methods for locating the global optimum if the objective function is not concave (see, for example, Horst and Pardalos (1995) ). Unfortunately, these methods generally are computationally too demanding for high dimension problems such as ours (we use 22 assets).
To circumvent this problem, De Giorgi, Hens and Post (2005) simply analyzed the various objective functions (Sharpe ratio, CPT statistic, adjusted CPT statistic) at all the individual benchmark portfolios. This approach can be seen as a very rough grid search; the individual assets are excluded from the analysis and only the 22 benchmark portfolios are seen as a discrete approximation to the investment possibilities set.
Thus, for each benchmark portfolio, they compute the Sharpe ratio, the CPT statistic and the adjusted CPT statistic. To account for sampling variation, we use the bootstrap methodology to compute the p-value for the null that the benchmark portfolio is equally attractive as the market portfolio.
Contrary to Benartzi and Thaler (1995) , the CPT statistic of the bond index is significantly higher than the CPT statistic of the stock index. This is due to the inclusion of the equity bear market in the early 2000s. Further, CPT cannot rationalize the size and value effects. Specifically, while the CPT statistic of the stock market index is -1.590, the CPT statistic of size portfolio 1 is 2.290 (0.03) and that of B/M portfolio 8 is 2.083 (0.00). In large part, these high values are explained by the favourable upside potential of small caps and value stocks. For example, the ME 1 portfolio of small caps has a maximum return of 155.29% and the BM1 portfolio of value stocks has a maximum of 113.53%. Interestingly, there is no corresponding downside risk for the small caps and value stocks. Apparently, the return distribution is positively skewed and highly correlated in downside markets, which limits the downside risk and the potential for downside risk reduction by means of portfolio diversification. These properties make the small cap and value stock portfolios very attractive for the CPT investor, who overweighs small probabilities and whose marginal value function diminishes very slowly.
Using the piecewise negative exponential value function, all three puzzles are resolved. The bond index does not achieve a significantly higher CPT+ statistic than the stock index. Also, the size and value effects disappear; no benchmark portfolio achieves a significantly higher CPT+ statistic than the market portfolio. Because the marginal function of the piecewise negative exponential value function decreases much faster than the piecewise-power value function, CPT+ assigns a much lower weight to the upside potential of the small caps and value stocks. In brief, the piecewise-exponential value function succeeds in explaining away the equity premium, size premium and value premium puzzle at the same time.
[Insert Table II about here] 
The Disposition Effect
The disposition effect, see Shefrin and Statman (1985) , Odean (1998) and Weber and Camerer (1998) , for example, is the observation that investors have a disposition to hold loosing positions too long and to sell winning positions too early. The benchmark case with which this behaviour has to be compared is the so called "fixedmix-theorem" of Samuelson (1969) according to which an expected utility investor with constant relative risk aversion would hold the same fraction of assets in his portfolio provided he has constant investment opportunities. That is to say, if the disposition effect did already arise from rebalancing a fixed-mix portfolio then it would not be any surprise to standard finance. One explanation of the disposition effect, defined as a more aggressive rebalancing than fixed-mix, is certainly that investors believe in mean-reversion. Another explanation, commonly held in the literature, is that the disposition effect arises from the different risk aversion a prospect theory investor has after he made gains or losses.
To quote Hersh Shefrin and Meir Statman (1985) It is clear that keeping the reference point fixed, after a loss (gain) the investor`s status quo point (given by the cumulated gains and losses) moves to the convex (concave) part of the value function. But does this already mean that he will hold more risky assets after a loss than after a gain? Moreover, does the investor indeed decrease (increase) his shares of risky assets (as compared to the previous period) after a gain (loss)? First of all, one has to note that loss aversion interacts with the changing risk aversion. Indeed even for a piecewise linear value function (i.e. even for a value function without risk aversion) loss aversion imposes a concavity in the value function. Hens and Vlcek (2005) show under which conditions an investor who owns a risky asset will sell it after a gain and keep holding it after a loss, which is the disposition effect, or will hold it after a gain because the gain provides a cushion for future losses. The latter is called the house money effect going back to Thaler and Johnson (1990) . It turns out that loss aversion favours the house money effect while asymmetric risk aversion favours the disposition effect. Moreover, Hens and Vlcek (2005) show that the argument of Shefrin and Statman is treacherous because it is only based on the ex-post analysis of the investor`s behaviour after the initial investment has been taken. With a piecewise power function investors that are supposed to increase (decrease) their position after losses (gains) will not do so because those investors are reluctant in the first period to put themselves in a situation incurring possible losses (gains) in the second period. Barberis and Xiong (2006) show that the same is also true in a model in which agents optimize dynamically.
Again, the problem arises from the piecewise power function and it is resolved with the piecewise negative exponential function: Kyle, Ou-Yang and Xiong (2006) study the liquidation decision in a continuous time diffusion model. Kyle et. al show that the decision to continue holding an asset (the liquidation decision) is driven by the distance of the asset`s value to the reference point. Kyle et. al. find that the agent is willing to hold a risky project with a relatively inferior Sharpe ratio if the project is currently making losses, and intends to liquidate it when it breaks even. On the other hand, the agent may liquidate a project with a relatively superior Sharpe ratio if its current profits rise or drop to the break-even point.
To get the intuition why the disposition effect can be explained with the piecewise negative exponential function, first consider a very simple bounded value that obtains the value of +1 for all gains and -1 for all losses. For such a value function once you have gained there is no reason to take further risks and once you have lost you have a high incentive to take all the risk you can get. Smoothening out this function with the piecewise negative exponential function shows that the disposition effect also occurs with strict optima in all periods. Hence the main reason underlying the disposition effect is a satisficing (respectively a desperation) behaviour after gains (respectively losses) that is not modelled by the piecewise power function!
Application to Wealth Management of Private Clients
Portfolio selection is typically based on the mean-variance model of Markowitz (1952) . This model, commonly known by practitioners as "modern portfolio theory", is a rich source of intuition and also the basis for many portfolio decisions taken by fund mangers. It is based on the idea that asset returns can be modelled by normal distributions. Referring to the Central Limit Theorem, normally distributed returns follow from the market efficiency hypothesis according to which changes in asset returns occur from the arrival of new information. According to the anticipation hypothesis, a central idea underlying the market efficiency hypothesis, any trend in asset returns must have been anticipated before. Hence, the period to period changes in returns must be independent from each other. Since returns over several periods are the product of the returns over every single period along sample paths, the log of returns over longer periods are given by the sum of the log of the returns over shorter periods. Hence assuming the latter are independently distributed, by the Central Limit Theorem the former are then normally distributed.
Traditional finance combines this model of returns with an expected utility function having constant relative risk aversion. As a result a simple mean variance utility of the form 2 ( , ) v µ σ µ γσ = − is obtained. The latter assumption is mathematically very convenient, but, as we have argued in Section 5, should be replaced by prospect theory with a negative exponential value function in order to obtain a model of portfolio selection that is consistent with the findings of the behavioural literature. Using the piecewise negative exponential value function the resulting mean-variance utility still has qualitative properties that make the model reasonable, as we argued above, but it becomes intractable analytically.
Fortunately, the resulting computational difficulties have recently been resolved by De Giorgi, .
Hence replacing the piecewise power value function by the piecewise negative exponential value function makes prospect theory fit for finance, both by giving it a consistent theoretical foundation and also by making it applicable in important areas of wealth management.
Other Modifications of Prospect Theory
The modification of the value function that we proposed here is one important aspect of making prospect theory applicable to finance. As mentioned above, one may also want to change the probability weighting function in order to avoid an infinite slope at zero. An even more fundamental point arises from the fact that prospect theory has been designed to describe choices between lotteries while in many finance applications data are given that are not represented as lotteries (probability distributions). In a typical application, for a finite number of dates t = 1, 2 ,…,T a sample of a finite number of asset returns , 1,2,... .
is given. A lottery on the other hand is a representation in which each observation of returns gets assigned the relative frequency or the likelihood of that observation. The resulting probability distribution depends on which returns are considered to be sufficiently similar to be seen as one observation. Unfortunately, this decision (which in the case of representing data by a histogram is the selection of the band width) is not innocuous for the prospect theory of Kahneman and Tversky (1979) since the probability weighting function distorts the relative frequencies obtained. In the extreme case, for example, in which every observation is seen as being different to any other observation, all returns would be equally likely and the probability weighting function would not change the relative weight. However, if some returns get grouped together they get a different likelihood than others and the weighting function distorts the asset allocation. Hens, Mayer, Rieger and Wang (2005) started looking into this issue and suggested to modify prospect theory in order to avoid unreasonable dependence on the way data is grouped to lotteries.
Conclusion
We have argued that for various reasons instead of modelling the value function of prospect theory by a piecewise power function a piecewise negative exponential function should be used. This functional form is still compatible with laboratory experiments but it has the following advantages over and above Kahneman and Tversky`s piecewise power function:
5. In contrast to the piecewise power value function it is able to explain the disposition effect.
Modelling prospect theory with the piecewise negative exponential function makes it fit for applications to finance like portfolio selection. From this re-modelling of prospect theory we expect a series of new results, as for example a new explanation of the asset allocation puzzle (see De Giorgi, Table II Test Results
The table shows for each benchmark portfolio the Sharpe ratio, the CPT statistic and the adjusted CPT statistic with the piecewise-exponential value function. Also, the table reports the bootstrap pvalue. Cells with bold face numbers refer to portfolios that yield a significantly higher value than the market portfolio at a 5% significance level.
